By regarding the Einstein equations as equation (s) of state, we demonstrate that a full cohomogeneity horizon first law can be derived in horizon thermodynamics. In this approach both the entropy and the free energy are derived concepts, while the standard (degenerate) horizon first law is recovered by a Legendre projection from the more general one we derive. These results readily generalize to higher curvature gravities and establish a way of how to formulate consistent black hole thermodynamics without conserved charges.
The discovery that spacetimes with horizons can be well described by thermodynamic laws [1] [2] [3] has lead to much speculation about the thermodynamic meaning of gravitational field equations [4] [5] [6] . Among these, the concept of horizon thermodynamics emerged from the discovery that Einstein's equations on the black hole horizon can be interpreted as a thermodynamic identity [7] . First formulated for the spherically symmetric black holes in the Einstein gravity, horizon thermodynamics has since been extended to higher curvature gravities [8, 9] , time evolving [10, 11] and rotating [10, 12] black hole horizons, or even general null surfaces [13] .
The key idea of horizon thermodynamics is to realize that the radial Einstein equation 1 when evaluated on the black hole horizon assumes the suggestive form
or in other words an horizon equation of state, which comes by making an assumption that the radial component of the stress-energy tensor serves as a thermodynamic pressure, P = T r r | r+ , the temperature is identified with the Hawking temperature, T = T H , and the horizon is assigned a geometric volume V = V (r + ) [14, 15] .
By considering a virtual displacement of the horizon [7] , the horizon equation of state can be rewritten as a horizon first law
where S stands for the horizon entropy and E is identified as a quasilocal energy of the black hole. For example, in Einstein gravity E turns out to be the Misner-Sharp energy [16] and the obtained horizon first law (2) is a special case of the 'unified first law' discussed by Hayward [5] . While these results are rather suggestive, there are several issues in this procedure that arise upon further * dhansen@perimeterinstitute.ca † dkubiznak@perimeterinstitute.ca ‡ rbmann@uwaterloo.ca 1 In this Letter we focus on the most robust formulation of horizon thermodynamics in the presence of spherical symmetry.
inspection. First, in the original derivation, it was unclear which thermodynamic variables were derived and which needed to be independently specified. The focus was previously on the provocative relation hidden within the Einstein Equations when the appropriate identifications were made. Consequently this procedure provides no direct algorithmic method to derive thermodynamic properties of a spacetime where appropriate identifications are yet unknown, and has instead been used as means of highlighting the presence of known thermodynamics in the gravitational field equations. The second issue concerns the restriction to virtual displacements δr + of the horizon radius. This renders the first law (2) to be of 'cohomogeneity-one', since both S and V are functions only of r + . Indeed (2) could just as well be written as δE = (T S ′ + P V ′ )δr + , with primes denoting differentiation with respect to r + . This yields an ambiguity between 'heat' and 'work' terms and leads to a 'vacuum interpretation' of the first law (2) [12] .
Here we show that both of the above dilemmas can be avoided. The key idea is to vary the horizon equation of state (1), treating the pressure P and temperature T as independent thermodynamic quantities. This results in a new horizon first law
which is manifestly non-degenerate and of cohomogeneity-two.
Moreover, upon specifying the volume, pressure, and temperature, the horizon entropy S is now a derived concept and so is the Gibbs free energy G. The standard horizon first law (2) can be recovered a-posteriori, by applying a degenerate Legendre transformation,
This new derivation implies that horizon thermodynamics has considerable utility, and provides further evidence that gravitational field equations can indeed be understood as an equation of state. We begin our discussion by briefly reviewing the traditional cohomogeneity-one approach to horizon thermodynamics in four-dimensional Einstein gravity [7] , emphasizing which quantities are assumed and which can be obtained as an output. Throughout we employ the units in which G = c = = 1. Consider a static spherically symmetric black hole spacetime described by the geometry
with a non-degenerate horizon located at r = r + , determined as the largest positive root of f (r + ) = 0. In what follows we concentrate on the case when f (r) = g(r); the general case f (r) = g(r) is conceptually more subtle and will be treated elsewhere [17] . Assuming minimal coupling to the matter, with the stress energy tensor T ab , the radial Einstein equation evaluated on the horizon reads
where primes denote differentiation with respect to r. Identifying
as the respective pressure and temperature yields
which is the horizon equation of state (1) . Multiplying this by 4πr 2 + δr + then gives
which is the horizon first law (2), provided we either identify any one of the three quantities
as the volume, entropy, and energy respectively, assuming the latter is a function only of r + . Identification of the remaining quantities logically follows from (2). Regardless, the obtained first law (2) is cohomogeneity one, as its every term varies solely with r + , and suffers from the ambiguity of defining independent heat and work terms. However the degree of cohomogeneity in the HFL is a consequence of the procedure chosen and not intrinsic to horizon thermodynamics itself as we shall now demonstrate.
The identification of the temperature T as in (7) is via standard arguments in thermal quantum field theory; it does not require any gravitational field equations. By definition the pressure is identified with the matter stress-energy as in (7) . With this information the radial Einstein equation can be rewritten as
where B and C are some known functions of r + that in general depend on the theory of gravity under consideration, as does the linearity of the equation of state in the temperature T . Formally varying the generalized equation of state (11), we obtain
upon multiplication by a function V (r + ) that we shall identify as the volume, assuming all other parameters are fixed. It is now straightforward to rewrite this equation as
where
using the integration by parts. Since (by postulate) we have identified T with temperature, P with pressure, and V with volume, we therefore conclude that S is the entropy and G is the Gibbs free energy of the black hole. Note that these are derived quantities from the premises (7), and the field equations that yield (11), along with the assumption that the volume (whose explicit form (7) was not really required up to now) does not depend on T . The relation (13) for the Gibbs free energy G = G(P, T ) is the cohomogeneity-two horizon first law (3), where P and T are independent quantities. It is valid for any gravitational theory whose field equations yield a linear relation between pressure and temperature. Note that since G depends on the matter content only implicitly (via P and T ) it characterizes the gravitational theory. This is the origin of recently observed 'universality' of the corresponding phase behavior [18] .
We can define the horizon enthalpy by the associated Legendre transformation H = H(S, P ) = G + T S, and recover
which is another non-degenerate horizon first law. Likewise we can employ the Euler scaling argument, e.g. [19] , to obtain
which is the accompanying (four-dimensional) Smarr relation. We can also make the degenerate Legendre transformation (4), whose degeneracy originates in the fact that S and V both being functions of r + are not independent quantities, and obtain so the 'old' cohomogeneityone horizon first law (2).
Specifying to Einstein gravity in four dimensions, it is straightforward to identify B(r + ) = −(8πr 2 + ) −1 and C(r + ) = 1/(2r + ) from (8), yielding from (14)
using the geometric definition (10) of the volume. This Gibbs free energy was previously derived and its phase diagrams studied in [18, 20] ; it is understood as G = G(P, T ) through the equation of state r + = r + (P, T ), (8) . Performing the degenerate Legendre transformation, (4), one finds E = r+ 2 , in accordance with the previous approach.
We emphasize that the derivation of (13) depends only on the generalized equation of state having the form (11) . At no point was it necessary to use the specific form of the volume V (r + ). Consequently this new approach to horizon thermodynamics readily extends to higher dimensions and higher-curvature gravities. Let us demonstrate this for black holes in Lovelock gravity.
Lovelock gravity [21] is a geometric higher curvature theory of gravity that can be considered as a natural generalization of Einstein's theory to higher dimensions-it is the unique higher-derivative theory that gives rise to second-order field equations for all metric components. In d spacetime dimensions, the Lagrangian reads
2 ⌋ is the largest integer less than or equal to
is the Riemann tensor, and the α (k) are the Lovelock coupling constants. In what follows we identify the cosmological constant Λ = −α 0 /2, set α 1 = 1 to remain consistent with general relativity, and assume minimal coupling to the matter, described by the matter Lagrangian L m .
Let us consider a static spherically symmetric black hole, allowing now for horizons of various topologies: Following [18] , let us include the contribution of the cosmological constant (if present) to the matter part, replacing the definitions in (7) by
The radial Lovelock equation evaluated on the horizon rewrites as the horizon equation of state, which again assumes the form (11) , where now [18] 
and
Identifying the volume V with the black hole geometric volume [15] 
the formulae (14) imply
and we recover the horizon first law (3) . Note that the derived S is a non-trivial generalization of entropy for the Lovelock black holes [22] . By performing the degenerate Legendre transformation (4), we obtain
which is the generalized Misner-Sharp energy [23] . The degenerate horizon first law (2) can therefore be understood as a special case of the 'unified first law' [23] . As argued in [24] , to obtain a consistent Smarr relation, the first law has to be extended to contain variations of the Lovelock coupling constants. This is easily achieved in our approach. Namely, starting again from the horizon equation of state (11) with (21), we can also vary the Lovelock couplings α k (k = 2, . . . , K), thereby obtaining a generalized horizon first law
where G and S, (14) , are given above and
are the conjugate potentials to variable α k ; quantities C k were determined from C = K k=1 α k C k and similar for quantities B k . Note that by construction the potentials Ψ k depend on matter only implicitly through the temperature T . Because of this, Eq. (28) corresponds to the vacuum values of the potentials, c.f. Eq. (2.23) in [25] . The obtained horizon first law (27) is obviously of cohomogenity-(K + 1). It is now easy to verify that one obtains the following Smarr relation:
for the enthalpy, completing the horizon thermodynamic description of Lovelock black holes. To summarize, we have shown that it is possible to re-write the Einstein equations as a manifestly cohomogeneity-2 thermodynamic relation. This solves the problem of the apparent cohomogeneity-1 first law present in horizon thermodynamics since its conception. We have shown that this process also reduces the number of assumptions needed. In fact, by specifying the horizon temperature, pressure, and volume, our procedure allows one to derive the horizon entropy up to an arbitrary constant as well as the free-energy. Horizon thermodynamics is therefore of equal conceptual power to the extended phase space picture for black hole thermodynamics, e.g. [15] . In contrast to this latter picture, horizon thermodynamics makes no use of conserved quantities, but rather deals only with parameters defined at the horizon.
One of the caveats of this approach is that it requires the equation of state, i.e. the field equations, to be written as a linear function of the Hawking temperature T . While this is certainly true for Einstein and Lovelock gravity, it would be interesting to categorize what types of gravitational theories permit the construction presented here. It seems reasonable to guess that these theories may simply be in the class of quasi-topological gravity [26] , as this is a general class of theories that produce at most second order field equations, and whose radial field equation is linear in first derivatives of the metric function on the horizon. While quasi-topological gravity certainly fits this paradigm [9] , it is possible that there are other theories whose spherically symmetric black hole solutions can be treated with this procedure. Another venue for future studies is to extend the present approach to the rotating black hole spacetimes, picking up the threads on the recent progress in [12] .
